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Abstract
The physics of electronic energy level alignment at interfaces formed between molecules
and metals can in general be accurately captured by the ab initio GW approach. How-
ever, the computational cost of such GW calculations for typical interfaces is signifi-
cant, given their large system size and chemical complexity. In the past, approximate
self-energy corrections, such as those constructed from image-charge models together
with gas-phase molecular level corrections, have been used to compute level alignment
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with good accuracy. However, these approaches often neglect dynamical effects of the
polarizability and require the definition of an image plane. In this work, we propose
a new approximation to enable more efficient GW -quality calculations of interfaces,
where we greatly simplify the calculation of the non-interacting polarizability, a pri-
mary bottleneck for large heterogeneous systems. This is achieved by first computing
the non-interacting polarizability of each individual component of the interface, e.g.,
the molecule and the metal, without the use of large supercells; and then using folding
and spatial truncation techniques to efficiently combine these quantities. Overall this
approach significantly reduces the computational cost for conventionalGW calculations
of level alignment without sacrificing the accuracy. Moreover, this approach captures
both dynamical and nonlocal polarization effects without the need to invoke a classical
image-charge expression or to define an image plane. We demonstrate our approach by
considering a model system of benzene at relatively low coverage on aluminum (111)
surface. Although developed for such interfaces, the method can be readily extended
to other heterogeneous interfaces.
1 Introduction
Accurate understanding and determination of electronic energy level alignment at molecule-
metal interfaces, i.e., the relative position between molecular frontier resonance orbital en-
ergies and the Fermi level of the metal, is critical in understanding the interfacial electronic
structure and charge dynamics.1 As an example, the level alignment of a molecular junc-
tion is directly related to its low-bias conductance and current-voltage characteristics.2 More
heuristically, the level alignment at molecule-metal interfaces can be thought of as the energy
barrier for charge transfer across the interface.3 Moreover, a quantitative description of level
alignment is a prerequisite in understanding and predicting functional properties of a wide
range of interfaces, especially those related to heterogeneous catalysis,4 charge transport,5
solar energy harvesting,6 and other energy conversion processes in the nanoscale.7 Electronic
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energy level alignment is a physical observable, and can be determined experimentally by,
e.g., scanning tunneling spectroscopy or photoemission spectroscopy.8 However, different
binding geometries of the molecule on the metal substrate often lead to different level align-
ment and charge dynamics,9,10 and thus care must be taken in interpreting experimental
data. For example, for molecular junctions, level alignment and conductance often result
from an ensemble average of various binding geometries.11
For the purpose of elucidating clear structure-property relationships for molecule-metal
interfaces, first-principles electronic structure calculations play an indispensable role, pro-
viding information complementary to experiments, through calculations of individual, well-
defined geometries. From a formal theory point of view, the levels of interest at interfaces
are quasiparticle energy levels, as they are associated with particle-like charged excitations
in an interacting system. Additionally, the molecular resonance orbitals of interest are typi-
cally a few eV’s away from the Fermi level of the metal and are thus not frontier orbitals of
the combined system. Therefore, there is no guarantee that these non-frontier orbital ener-
gies calculated from Kohn-Sham (KS) density functional theory (DFT) are accurate relative
to experiments.12 In fact, common local and semi-local approximations of the exchange-
correlation functional usually underestimate the level alignment by about 1 eV or more,13
leading to incorrect predictions of interfacial charge dynamics, such as significant overes-
timations of low-bias conductances of molecular junctions.11 A possible practical approach
within the DFT framework for more accurate level alignment is to employ hybrid functionals
in the generalized Kohn-Sham (GKS) scheme (Ref. 14 is such an example); however, the
results depend on the functional, and a wise choice of parameters can be non-trivial for many
cases. Although accurate excited-state quantum chemistry approaches, such as those based
on the equation of motion,15 are well-developed for finite systems such as molecules, having a
continuum of electronic states from the metal is indispensable in computing properties of ex-
tended interfaces and far from standard in quantum chemistry methods. Additionally, their
unfavorable scaling prohibits routine calculations of systems involving hundreds of atoms.
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All of the above considerations have contributed to the rise in popularity and success
of many-body perturbation theory (MBPT) approaches based on the interacting Green’s
function formalism, a formally rigorous theoretical framework for computing quasiparticle
energies. Within this formulation, the GW approximation16,17 to the electronic self-energy
Σ is often employed, where G is the single-particle Green’s function and W is the screened
Coulomb interaction, and where the perturbative expansion is performed on top of a mean-
field calculation, typically KS DFT. This scheme, known as the ab initio GW approach,
has been shown to be successful in computing quasiparticle excitations for a wide range
of materials, including molecules,18 bulk solids,17,19 and interfaces.20,21 Still, one significant
bottleneck in traditional GW calculations is in the construction, within the random-phase
approximation (RPA), of the non-interacting polarizability matrix χ0(r, r′;ω), where r and
r′ are real-space coordinates and ω is a frequency, which has a formal scaling of O(N4)22
with N being the system size. Along with other factors, it significantly hampers routine GW
calculations of large interface systems. In this work, we focus on overcoming this bottleneck,
and propose a practical and simplified solution, specifically for weakly coupled heterogeneous
interfaces.
The success of the ab initio GW approach for accurately predicting level alignment at
interfaces can be attributed to its ability in capturing surface polarization, which is a long-
range correlation effect.13,23 More specifically, for a molecule adsorbed on a metal surface,
the single-particle excitations in the molecule induce a density response not only within the
molecule, but also within the metal surface; the density response within the metal surface in
turn modifies the effective strength of the electron-electron interaction within the molecule.
This substrate screening24 due to the metal surface then alters the charged excitation en-
ergies in the molecular subspace compared to the case of an isolated molecule, reducing
the energy required to tunnel either an electron or a hole from the surface to the frontier
orbitals of the adsorbate, thus reducing (or renormalizing) the HOMO-LUMO gap (HOMO
denotes the highest occupied molecular orbital, and LUMO the lowest unoccupied molecu-
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lar orbital).13 The response of the electrons in the metal to an external charge (located in
the vacuum region), or image-charge effect,25 gives rise to an image-charge-like potential far
away from the metal surface.26–28 This long-range many-body effect is completely missing
in the orbital energies in the KS formulation of DFT, since the KS electronic states only
see local potentials. Simplified GW -based self-energy correction accounting for substrate
screening have been developed,13,29 where an image-charge model is often used to account
for the metallic substrate. These methods, often referred to as DFT+Σ, can be accurate in
the weak-coupling limit;11,13,30 but they require the definition of an image-plane29 and they
neglect dynamical effects of the electrode polarizability. Beyond DFT+Σ, recently there have
been a number of studies focusing on efficient substrate screening,31–39 especially at inter-
faces involving two-dimensional materials. The essential idea is that the non-interacting RPA
polarizability of the interface can be well approximated by the sum of the non-interacting
RPA polarizabilities of each individual components,31,32,34,39 with the latter further approxi-
mated using a variety of approaches. Efficiently computing the polarizability, or equivalently
the dielectric function that is responsible for many-body effects, has been an active area of
research.31,40–42
In this work, we develop a simplified approach for efficient calculations of the non-
interacting RPA polarizability for molecule-metal interface systems. This approach greatly
reduces the computational cost of GW calculations of weakly coupled heterogeneous inter-
faces without sacrificing the accuracy, enabling calculations on computer clusters of moderate
size. Our approach takes advantage of the fact that the non-interacting RPA polarizability
of a weakly coupled molecule-metal interface can be well approximated as being additive,
i.e., as the sum of the non-interacting RPA polarizability of the metal substrate and that
of the periodic molecular layer. This is inspired by the concepts in Ref. 32, where the non-
interacting RPA polarizability of a MoSe2-bilayer graphene interface is approximated by the
sum of the non-interacting RPA polarizability of MoSe2 and that of a bilayer graphene.
However, unlike Ref. 32, where in-plane local field effect is neglected for the substrate (i.e.,
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the effect of the substrate screening is assumed to be the same if the substrate is displaced
along any of its extended directions), we do not rely on this approximation here, and instead
compute it efficiently and without additional approximations by folding this quantity in re-
ciprocal space from a much smaller unit cell. Additionally, we introduce a real-space scheme
for efficiently calculating the non-interacting RPA polarizability of the periodic molecular
layer, avoiding calculations using large vacuum regions and substantially reducing the com-
putational cost. The non-interacting RPA polarizabilities of the two individual components
are then combined in the original supercell of the interface, followed by the standard GW
approach for evaluating the self-energy corrections. We show that our new method yields
almost identical level alignments as the direct GW calculations of weakly coupled molecule-
metal interfaces, while significantly reducing the computational cost, as we demonstrate
for benzene adsorbed on Al(111) surface. Finally, even though we develop our method in
the context of molecule-metal interfaces, we expect that it is straightforward to extend this
approach to other heterogeneous interfaces, such as those formed between molecules and
semiconductors and atomically thin systems supported by substrates.
The structure of this article is as follows. In Sec. 2, we discuss in detail the approach
we develop, showing the main assumption, i.e., additivity of the non-interacting RPA polar-
izability, and the ideas in reducing the computational cost for each individual components.
In Sec. 3, we use one example, benzene adsorbed on Al(111), to show numerically that the
result is almost identical to direct GW calculations of level alignment. We also demonstrate
the efficiency of our approach by comparing computational resources needed to those re-
quired for a direct GW calculation. Sec. 4 is devoted to discussions of our approach and
possible future directions. Then we conclude in Sec. 5.
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2 Theoretical Approach
A major ingredient and bottleneck of ab initio GW calculations in the standard formulation17
is the non-interacting RPA polarizability χ0:
χ0(r, r′;ω) =
occ.∑
i
vir.∑
a
φi(r)φ
∗
a(r)φa(r
′)φ∗i (r
′)
ω + i − a . (1)
In this equation, i runs over all occupied KS orbitals (denoted by φ) and a runs over all virtual
(unoccupied) KS orbitals of the system. ’s are the KS eigenvalues. A direct evaluation of
this equation, or the equivalent one in reciprocal space, leads to a formal scaling of O(N4),
where N is the number of basis functions used to express φi(r) and φa(r).
The evaluation of χ0 can be simplified for a combined system consisting two subsystems
– a molecular layer and a metal substrate – if there is no significant hybridization. In this
limit, the occupied states φimol/metal can be partitioned so that they belong either to the
molecular layer or to the metal substrate, while the virtual states can be approximated as
either localized resonances in either one of the subsystems φamol/metal , or a free electronic state
φafree . Hence, cross terms such as φimol(r)φ
∗
ametal
(r) which have small overlap can be dropped,
and we approximate the sum in Eq. (1) as
occ.∑
i
vir.∑
a
→
occ.∑
i∈mol
vir.∑
a∈mol/free
+
occ.∑
i∈metal
vir.∑
a∈metal/free
. (2)
In this limit (and other scenarios discussed in Ref. 39), χ0 is separable and additive, i.e.,
χ0tot(r, r
′) ≈ χ0mol(r, r′) + χ0metal(r, r′). (3)
This equation plays the central role in this work and is shown schematically in Fig. 1. For
simplicity, we use the Hybertsen-Louie generalized plasmon pole (GPP) model17 for calcu-
lations in this article; however, the approach can be readily generalized to fully frequency-
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dependent treatment of χ0, and so we drop the frequency dependence in all equations below.
In panel (a) of Fig. 1, we show the side view of the supercell of a generic molecule-metal
interface, which consists of a molecule physisorbed on a metallic slab substrate. Periodic
boundary conditions are used for all three directions, though the long-range Coulomb inter-
action is truncated43 along the direction perpendicular to the substrate, which we denote by
z. Despite the truncation, a large vacuum region in the supercell along z is needed to avoid
spurious interactions between neighboring cells.
❷ ❶
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Figure 1: Schematic representation of the main approximations in this work. Instead of
computing χ0 for system (a) directly, we propose to compute χ˜0 for systems (d) and (e),
and approximate χ0 of (a) by the sum of χ0 of (b) and (c), which can be in turn calculated
efficiently from χ˜0 of (e) and (d), respectively. Black boxes denote supercells and periodic
boundary conditions for all directions.
In Eq. (3), χ0tot is the non-interacting RPA polarizability of the combined molecule-
metal interface system, which is represented in panel (a). Similarly, the non-interacting
RPA polarizability of the periodic molecular layer only, χ0mol, is represented in panel (b),
while that of the metal slab alone, χ0metal, is in panel (c). We emphasize that we use the
same supercells when computing χ0tot, χ
0
mol, and χ
0
metal, as represented in panels (a), (b), and
(c). Because the number of unoccupied orbitals needed in the sum in Eq. (1) to converge
the result scales as the volume of the supercell, merely invoking Eq. (3) does not lead to a
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drastic speedup of the calculation if the supercells are kept the same.
We introduce two procedures to accelarate the computation of the non-interacting RPA
polarizability. On the right of Fig. 1, we schematically represent the first approximation, by
which we obtain χ0metal in the supercell geometry [Fig. 1(c)] by folding from a calculation
performed in the primitive unit cell of the metal slab χ˜0metal [Fig. 1(d)], as we detail in the
following section. Here, χ˜0metal is the non-interacting RPA polarizability of the periodic metal
substrate in a primitive unit cell. This primitive unit cell for the metal slab may be much
smaller along the extended directions, but we keep the lattice constant in the out-of-plane
z direction the same as in the supercell geometry. Because the number of atoms and plane-
wave components required to express the polarizability matrix are then significantly reduced,
this procedure accelarates computing the polarizability of the metal substrate. We note that
we neglect geometry optimization for the metal surface in this work, and assume all metal
atoms are in their bulk positions. We can then map χ˜0metal of the metal slab calculated in
its primitive unit cell [Fig. 1(d)] to that calculated in the supercell geometry, χ0metal in Fig.
1(c), without loss of information. Because χ˜0metal is evaluated in a larger reciprocal cell than
χ0metal, this procedure is equivalent to folding χ˜
0
metal into a smaller region of the Brillouin
zone. This procedure, denoted as process 1 with a blue arrow in Fig. 1, will be elaborated
in Sec. 2.1 below.
The second procedure we develop is to employ a smaller cell for the subproblem of the
periodic molecular layer [Fig. 1(e)]. This supercell, shown in Fig. 1(e), has the same
dimensions in-plane, along the extended directions, but may be considerably smaller along
the z direction compared to the supercell of the combined system [Fig. 1(b)]. As a result, it
is more computationally efficient to compute the non-interacting RPA polarizability of the
molecular layer in this smaller supercell, χ˜0mol, than that of the original supercell, χ
0
mol. The
conversion between χ˜0mol and χ
0
mol is denoted as process 2 with a blue arrow in Fig. 1, and
it is achieved by a spatial truncation of χ0mol in real space. This will be discussed in detail
in Sec. 2.2 below.
9
2.1 Folding of the Polarizability for the Metal Substrate
In this section, we describe the approach that allows us to efficiently compute the non-
interacting RPA polarizability of the metal slab in its primitive unit cell and map it to a
larger supercell.
We define our supercell for the combined system in terms of three lattice vectors, a1,
a2, and a3. The system has translational symmetry in the xy plane spanned by a1 and a2,
and is confined along the perpendicular direction a3, which is parallel to the z axis, aˆ3 = zˆ.
The metallic substrate is approximated as a finite slab with Nuc atoms in its primitive unit
cell and defined by the lattice vectors a˜1 ≡ a1/N1, a˜2 ≡ a2/N2, and a˜3 ≡ a3, where Ni are
integers. Intrinsic properties of the substrate can then either be computed in this primitive
unit cell [Fig. 1(d)], say, with a M1N1 ×M2N2 k-point mesh, or equivalently in a supercell
that is compatible with the relevant molecular coverage [Fig. 1(c)], with Nsc = NucN1N2
metal atoms and lattice vectors a1, a2, and a3, and with a M1 ×M2 k-point mesh. The
former is much more computationally efficient, since the computational cost of the dielectric
response scales at most quadratically with the number of the k points, while it displays
a O(N3at) to O(N4at) computational cost with respect to the number of atoms Nat in the
supercell.
We denote the non-interacting RPA polarizability of the metallic substrate in the su-
percell [Fig. 1(c)] by χ0metal; in reciprocal space, it is written as χ
0
metalG,G′(q) ≡ χ0metal(q +
G,q + G′), where G and G′ are reciprocal lattice vectors, and q is a vector in the first
Brillouin zone. We also denote the non-interacting RPA polarizability of the metallic
slab in its primitive unit cell [Fig. 1(d)] by χ˜0metal; in reciprocal space, we write it as
χ˜0
metal G˜,G˜′(q˜) ≡ χ˜0metal(q˜+G˜, q˜+G˜′). Note that χ0metal and χ˜0metal describe the same quantity
for the same physical excitation, i.e., χ0metal(q + G,q + G
′) = χ˜0metal(q˜ + G˜, q˜ + G˜
′) when
q + G = q˜ + G˜ and q + G′ = q˜ + G˜′ in Cartesian coordinates. However, even though any
combination of vector sums q + G in the supercell can be written as q˜ + G˜ in the primitive
unit cell, the individual components of q and q˜ or G and G˜ may differ since, in general, the
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G˜ in the primitive unit cell are a subset of the G in the supercell. Correspondingly, there
are more G vectors in the supercell up to a given energy cutoff than there are G˜ vectors in
the primitive cell up to same cutoff. A similar analysis holds for the q points in the Brillouin
zone: the q-point mesh for the primitive unit cell is N1 ×N2 times denser than that for the
supercell, and so we conclude that there are N1 × N2 smaller matrices χ˜0metal G˜,G˜′(q˜) in the
primitive unit cell which, together, hold the same amount of physical information as a single
larger matrix χ0metalG,G′(q) in the supercell. For a specific q point in the Brillouin zone of
the supercell, the N1 × N2 q˜ points that fold to q satisfy: q˜ = q + n1b1 + n2b2, where
n1 = 0, 1, 2, · · · , N1− 1, and n2 = 0, 1, 2, · · · , N2− 1, where b1 and b2 are the two reciprocal
lattice unit vectors of the supercell associated with the lattice vectors a1 and a2.
The folding procedure is shown schematically in Fig. 2, where b1 and b2 are the two
reciprocal lattice vectors of the supercell, b˜1 and b˜2 are the two reciprocal lattice vectors
of the primitive unit cell, and they are related as b˜1 = N1b1 and b˜2 = N2b2. The q-point
sampling for the supercell (smaller region in reciprocal space) is represented by green dots,
and the q-point sampling for the primitive unit cell (larger region in reciprocal space) is
represented by blue dots. In this figure, we display the actual sampling for the system that
we study in this work, namely, benzene on Al(111), which we discuss in Sec. 3. In this
example, there are Nuc = 4 Al atoms in the primitive unit cell of the metallic slab (1 atom in
each layer). The supercell is defined by N1 = N2 = 4, which contains Nsc = 64 Al atoms (16
atoms in each layer), and it is sampled with a M1 ×M2 = 4× 4 q-point grid. Accordingly,
the calculation of the primitive unit cell is performed with a N1M1×N2M2 = 16×16 q-point
grid. For a given q point in the supercell, say, one denoted by the red dot in Fig. 2, we need
to combine information from N1 ×N2 q˜ points in the primitive unit cell that are shown as
the yellow dots in Fig. 2.
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Figure 2: The folding of the non-interacting RPA polarizability of the metal substrate in
the reciprocal space. b1 and b2 are the two reciprocal lattice unit vectors of the supercell.
b˜1 and b˜2 are the two reciprocal lattice unit vectors of the primitive unit cell. The q-point
sampling for the supercell is shown as green dots and the q-point sampling for the primitive
unit cell is shown as blue dots. The red dot denotes an arbitrary q point in the supercell,
and it is folded from all the q˜ points in the primitive unit cell that are shown as the yellow
dots.
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2.2 Construction of the Spatially Truncated Polarizability Matrix
for the Periodic Molecular Layer
The observation that χ0mol(r, r
′) is only non-negligible when both r and r′ are near the
molecule suggests that one can use a smaller cell to compute this quantity, avoiding high
computational cost associated with large vacuum in plane-wave based GW calculations. In
Fig. 1(e), the length L˜z of the supercell along the z direction is smaller than the length Lz
in the original supercell shown in panel (b), though they share the same dimensions along
the extended directions, as we discussed above. The q-point sampling along the extended
directions used in the smaller cell containing the molecule [Fig. 1(e)] should be equivalent
to that of the original supercell [Fig. 1(b)]. Additionally, the length L˜z should not be
too small as to introduce spurious interactions between neighboring cells along z and large
numerical errors. Here, we find that L˜z/Lz of the order of 1/2 or 1/3 significantly reduces the
computational cost without incurring noticeable numerical errors. For simplicity, we refer to
the original supercell corresponding to Fig. 1(b) as the “large-z” cell, and the smaller cell
for the molecular-layer calculation, shown in Fig. 1(e), as the “small-z cell”. We also keep
the convention of putting a tilde over all quantities calculated in the smaller cell. We then
approximate χ0mol(r, r
′) in the large-z cell in the following way: set χ0mol(r, r
′) = χ˜0mol(r˜, r˜
′) in
the region defined by the small-z cell, and set all other elements of χ0mol(r, r
′) to zero. This
procedure then constitutes a spatial truncation of χ0mol(r, r
′) in real space.
Due to the size of the χ˜0
mol G˜,G˜′(q˜) matrix for typical interfaces, it is neither computation-
ally advantageous nor necessary to perform three-dimensional Fourier transforms on its two
indices G˜ and G˜′ to obtain χ˜0mol(r˜, r˜
′) in real space for subsequent mapping to χ0mol(r, r
′).
Rather, we take advantage of the fact that the small-z cell and the large-z cell share the
same dimensions along the two extended directions. Hence they can be labeled by the same
quantum numbers (q;G1, G2) along the extended directions, and the Fourier transforms only
need to be carried out along the confined direction z.
Thus, starting from the non-interacting RPA polarizability computed in the small-z
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cell, for each combination of wave vector and reciprocal lattice vectors (q;G1, G2;G
′
1, G
′
2),
we perform Fourier transforms only along the z direction and obtain χ˜0mol(z˜, z˜
′). The
(q;G1, G2;G
′
1, G
′
2) indices are understood implicitly here, since they are the same for both
the large-z cell and the small-z cell. After we compute χ˜0mol(z˜, z˜
′), we simply insert this ma-
trix into the larger matrix χ0mol(z, z
′) and set the elements outside of the domain of χ˜0mol(z˜, z˜
′)
to zero. This is physically equivalent to performing a spatial truncation of χ0mol(z, z
′) in the
large-z cell. Finally, we Fourier transform χ0mol(z, z
′) back to obtain χ0mol(Gz, G
′
z). We note
that the Fourier transforms are performed with a discrete fast Fourier transform (FFT) al-
gorithm, so, importantly, they are performed on discretized grids (commonly referred to as
FFT grids) that are compatible with the different lattice constants Lz and L˜z.
Overall, this procedure is repeated for each composite index (q;G1, G2;G
′
1, G
′
2) and hence
can be parallelized trivially. The workflow for this procedure is described in Fig. 3.
 0(Gz, G
0
z)
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large-z cell:  0(z, z0)
FFT(z)
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Figure 3: The workflow showing the mapping of the non-interacting RPA polarizability of
the periodic molecular layer in the small-z cell to that of the large-z cell. This procedure is
performed for each combination of (q;G1, G2;G
′
1, G
′
2) indices. iFFT denotes inverse FFT.
2.3 Workflow
We briefly summarize the workflow for the method proposed in this work. The goal is
to calculate GW self-energy corrections to levels of the combined molecule-metal interface
system that correspond to molecular frontier resonance orbitals. The non-interacting RPA
polarizability of the combined system is approximated as in Eq. (3), and the self-energy
correction is then calculated in the standard manner within the ab initio GW approach.
We assume the geometry is properly optimized and only mention the electronic structure
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calculations below. The workflow has 10 steps, as follows,
1. Perform a DFT calculation of the combined system, and identify the levels of the
combined system that correspond to molecular frontier resonance orbitals. This can
be done, e.g., by expanding the HOMO of the molecular layer using all the orbitals of
the combined system as the basis and then identifying the largest projection.
2. Choose a primitive unit cell for the metal substrate, which can be repeated along the
a1 and a2 directions to form the substrate of the combined system. This is shown in
Fig. 1(d). The length of the supercell along z-direction should be the same as that
of the combined interface system. Perform a self-consistent DFT calculation of this
system.
3. Calculate the non-interacting RPA polarizability χ˜0
metal G˜,G˜′(q˜) for the primitive unit
cell of the metal slab.
4. Fold the above quantity to the supercell, χ0metalG,G′(q). This step is schematically
shown as process 1 with a blue arrow in Fig. 1.
5. Choose a small-z cell for the molecular layer, with a1 and a2 the same as in the
large-z cell. This corresponds to the cell in Fig. 1(e). Perform a self-consistent DFT
calculation of this system. Note that it is physically a molecular layer instead of a
single molecule, so the same k-mesh is needed as the original interface system.
6. Calculate the non-interacting RPA polarizability χ˜0
mol G˜,G˜′(q˜) for the small-z cell for
the molecular layer.
7. Map the above quantity to the large-z cell, χ0molG,G′(q). This step is shown as process
2 with a blue arrow in Fig. 1.
8. Add the quantities calculated in Step 4 and Step 7. The matrix size should be the
same and is equivalent to the polarizability matrix that would have been calculated
directly for the interface. We denote the result by χ0tot.
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9. Obtain the inverse dielectric matrix of the combined system, −1G,G′(q) =
[
1− v(q)χ0totG,G′(q)
]−1
.
10. Use this inverse dielectric matrix and the wavefunctions of the combined system to
calculate self-energy corrections to the levels that correspond to molecular frontier
resonances (determined in Step 1) as in the standard GW approach. Note that a
large number of unoccupied bands for the combined system is still required for the
summation of the screened exchange,22 due to the fact that the final quasiparticle
energy levels converge slowly with respect to the number of states summed up in the
evaluation of the self-energy operator.44
For the above steps listed, Steps 1, 9, and 10 are also present in a direct GW calculations of
the interface. Steps 2-8 are proposed in this work, where Steps 2-4 are calculations for the
substrate only, and Steps 5-7 are for the periodic molecular layer only.
3 Results
We present a test study using a previously well-studied,14 experimentally relevant45 weakly
coupled system: benzene physisorbed flat on Al(111) surface, where we consider one benzene
molecule per 4×4 surface Al atoms, as shown in Fig. 4. The geometry we use is the following:
relaxed benzene molecule sitting on a hollow site 3.24 A˚ above Al(111) surface14 (we also
consider the case of 4.24 A˚ in Sec. 3.1 below). In its primitive unit cell, the Al metal slab
contains 4 atoms with 1 atom on each layer, and the corresponding supercell is constructed
with 4×4 repetition of the primitive unit cell, with 64 Al atoms (16 atoms on each layer). The
supercell of the interface has length Lz = 33 A˚ along z, and the corresponding small-z cell of
the molecular layer is L˜z = 11 A˚. The system is shown in Fig. 4. A 4×4×1 q-point mesh is
used for the interface system and the small-z molecular layer calculations, and a 16× 16× 1
q-point mesh is used in the unit cell calculations of the metal substrate. The Cartesian
coordinates of these q points are shown in Fig. 2. All DFT calculations are performed with
the Quantum ESPRESSO package46 using the PBE functional47 and an energy cutoff of 50
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Ry. All GW calculations are performed with the BerkeleyGW package.22 An energy cutoff
of 5 Ry is used for all polarizability calculations, which corresponds to 4976 bands in the
interface supercell (311 bands in the primitive unit cell of the metal slab and 1659 bands
in the small-z cell of the molecular layer). Metal screening and slab truncation of Coulomb
interaction43 are used for both dielectric function (epsilon) and self-energy (sigma) steps in
BerkeleyGW. We discuss two aspects of the method proposed here: accuracy, by comparing
results from different approximations; and efficiency, by comparing computing resources used
in the calculations.
Figure 4: The test-study system used in this work, benzene molecule sitting at 3.24 A˚ above
Al(111) surface. A top view is shown. We also consider another case of 4.24 A˚ for the
adsorption height. Color codes for the atoms: light blue - aluminum; black - carbon; magenta
- hydrogen.
3.1 Verification of the Approach
Table 1 shows the accuracy of our approach. The left column shows the method and the
level of approximation. We list the GW level alignment for both HOMO (EF −EGWHOMO) and
LUMO (EGWLUMO−EF ). At the PBE level, the HOMO resonance of the molecule is located at
3.17 eV below the Fermi level (EF ) of the interface, and the LUMO resonance of the molecule
is located at 2.01 eV above EF . We note that although these calculations are reasonably well
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converged, it is not our goal here to fully test the convergence with respect to energy cutoff,
k-point sampling, and number of bands used in GW calculations for this system. Rather,
we focus on the accuracy of our approximation at a fixed level of convergence, such that all
parameters are scaled accordingly when we change the size of the supercell.
Table 1: Comparison of different levels of approximation for the calculation of molecular
resonance level alignments with respect to Fermi level of the interface, for benzene molecule
sitting flat at 3.24 A˚ above Al(111) surface. Here, ∆E is the difference between the GW
quasiparticle energy and the KS orbital excitation energy from PBE. All values are in eV.
Method ∆EHOMO EF − EGWHOMO ∆ELUMO EGWLUMO − EF
Direct GW of the interface 0.72 3.89 0.36 2.38
Use χ0tot ≈ χ0metal + χ0mol, with 0.88 4.05 0.41 2.43
χ0metal/mol from direct calculations
χ0metal from folding, and 0.88 4.05 0.41 2.43
χ0mol from real-space mapping
We note that the difference between the direct GW and the result employing the ap-
proximation χ0tot ≈ χ0metal +χ0mol originates from the fact that there is hybridization between
molecular orbitals and metal orbitals. In fact, the largest overlap48 |〈φtot|φmol〉|2 at the Γ
point for HOMO is about 0.79 and that for LUMO is about 0.54. Therefore, Eq. (3) is an
approximation and does not hold exactly, meaning that the polarizability for the combined
system is not strictly additive. To verify that this is the case, we tested the case where we
artificially move the benzene molecule further away by 1 A˚ from the surface and place it flat
at 4.24 A˚ above Al(111) surface. For this system, the largest |〈φtot|φmol〉|2 at the Γ point
for HOMO is about 0.85 and that for LUMO is about 0.82. Here, χ0tot ≈ χ0metal + χ0mol is an
even better approximation and, correspondingly, the ∆EHOMO is only 0.07 eV different from
that in direct GW calculations. Nevertheless, even for the system we consider in Table 1,
the difference in ∆EHOMO is only 0.16 eV and the difference in ∆ELUMO is only 0.05 eV.
We also note that the folding of χ0metal is in principle exact. However, in our calculations,
we found that typically one gets a 0.1% to 0.5% relative error in this procedure, defined as
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‖χ0metal,folded − χ0metal,direct‖F/‖χ0metal,folded + χ0metal,direct‖F, where ‖X‖F denotes the Frobenius
norm of matrix X, and χ0metal,folded and χ
0
metal,direct denote the non-interacting polarizability
of the metal slab in the supercell geometry computed with the folding procedure and via the
direct approach, respectively. We suspect that this small numerical error is related to the
slightly different way the energy cutoff over reciprocal lattice vectors is enforced on different
q points due to the fact that the G vectors are discrete, and hence this error should diminish
with cutoff and completely vanish in the limit of an infinite plane-wave cutoff.
The q = 0 point of metal requires special treatment. Within BerkeleyGW,22 a special q0
(small but nonzero) is used. In the folding procedure we propose in this work, the calculation
of the unit cell also requires a special q˜0 whose Cartesian coordinates must match that of the
q0 in the supercell. The χ
0
metal(q0) matrix of the supercell is then folded from this χ˜
0
metal(q˜0)
and other regular q˜ points that fold to q = 0 point (not q0) of the supercell. This procedure
also yields an even smaller error in χ0metal(q0), depending on the number of bands summed
in the calculation of χ˜0(q˜0). In practice, only a small number of bands are needed
22 for this
calculation. Alternatively, since the χ0(q0) for the combined system is much more efficient
to compute than χ0(q) because only a small number of bands are needed, it can also be
calculated directly for the interface with an affordable computational cost, without invoking
any folding from the primitive unit cell.
3.2 Efficiency
The computational efficiency of our approach is demonstrated in Table 2 by listing CPU hours
used and the total memory required in each step. We note that the actual performance and
timing highly depend on the architecture of the computer cluster used, though the qualitative
trend should remain the same. Our test calculations reported in this section are performed
using the computer cluster “Etna” (Intel Xeon E5-2670 v3, base frequency 2.30 GHz) at the
Molecular Foundry at Lawrence Berkeley National Laboratory.
We first discuss the CPU resources needed for χ0 calculation. We can see that the
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Table 2: Comparison of computing resources for the direct calculation of non-interacting RPA
polarizability and the approach proposed in this work. CPU hours is defined as the number
of processors used multiplied by the number of wall-time hours needed for the calculation.
Total memory is defined as the minimum amount of memory required for each processor in
χ0 calculations multiplied by the total number of processors used, measured in gigabytes
(GB). Memory is not a bottleneck for non-GW calculations so we do not list those numbers.
In this table, nscf stands for non-self-consistent calculations used to generate Kohn-Sham
bands for the summation in χ0 required by BerkeleyGW.
Method Breakdown
Subtotal Total Total Memory
CPU hours CPU hours Required (GB)
Direct GW - 3550 3550 1257
This work
Metal nscf in unit cell 30
1016
-
Metal χ0 in unit cell 339 61
Metal χ0 folding 1 -
Molecular layer nscf in small-z cell 194 -
Molecular layer χ0 in small-z cell 83 110
Molecular layer χ0 mapping 369 -
mapping of χ0 for the periodic molecular layer contributes to a large amount of computing
time in our proposed work. This is because one needs to loop through all the (G1, G2) pairs,
all the (G′1, G
′
2) pairs, and all the q points; and in each of these loops, one must perform
four Fourier transforms: two with dimension N˜z and with cost O(N˜z log N˜z), and another
two with dimension Nz and with cost O(Nz logNz), where N˜z (Nz) is the number of FFT
grids along the z direction in the small-z (large-z) cell. For the system considered here, our
approach already takes as little as 30% of the computing time of the direct GW calculation of
the interface, which we expect to be an upper bound. More importantly, this speedup should
grow for larger systems, as the cost of the folding procedure becomes negligible compared to
the cost of computing the polarizability matrix for larger unit cells. In fact, we have done
another benchmark calculation using benzene on graphite(0001) surface (same structure as
that in Ref. 13, results not shown), where our proposed method takes less than 20% of the
computing resource needed for the direct GW calculation.
More crucially, we note that the direct calculation of χ0 for the combined interface system
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requires large memory in addition to the large CPU resources. It is this large memory
requirement that typically renders GW calculations for large systems infeasible on small
computer clusters. With the approach proposed here, we not only reduce the amount of CPU
resources needed, but also reduce significantly the memory needed for GW calculations, as
the evaluation of χ0 is now performed in much smaller supercells. Our approach will therefore
enable GW calculations for large interface systems on computer clusters of much smaller size.
3.3 Accelarating Self-Energy Calculations
For all results shown above, we perform the standard one-shot GW self-energy calculations
using the GPP after the χ0tot is computed with our approach. For weakly coupled interfaces,
we can further reduce the computational cost of the self-energy calculations by assuming
the difference in self-energy corrections between the GPP and static Coulomb-hole-screened-
exchange (COHSEX)49 is the same for the combined interface system and the molecular
layer in the small-z cell. Similar ideas based on the physics presented in Ref. 13 were also
used in Refs. 32 and 21 to speed up GW calculations of interface systems. Specifically, we
propose:
〈φtot|ΣGPPtot |φtot〉 ≈ 〈φtot|ΣCOHSEXtot |φtot〉
+ 〈φmol|ΣGPPmol |φmol〉
− 〈φmol|ΣCOHSEXmol |φmol〉 .
(4)
In this equation, φtot is the KS orbital of the combined interface system that represents the
molecular resonance, φmol is the frontier orbital of the molecular layer, calculated in the
small-z cell. The second and third terms on the right hand side of (4) can be calculated in
the small-z cell following the standard GW self-energy calculations, which are computation-
ally efficient. The first term on the right hand side, although calculated in the large-z cell,
only involves occupied states due to the use of static COHSEX17 and therefore is also com-
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putationally efficient. Therefore, the left hand side of Eq. (4), responsible for GW energy
level alignment, can be calculated efficiently. Using Eq. (4) leads to additional savings of
computing resources on top of what is shown in Table 2, because we avoid GPP calculations
for the entire interface, which requires many empty bands to converge ΣGPPtot . Calculating
KS bands is an O(N3) process, and by using Eq. (4), we only need to generate empty bands
for the small-z cell.
Eq. (4) works well for weakly coupled molecular resonances, i.e., when the orbital is
relatively unchanged from gas phase to interface, usually satisfied for physisorption. For the
system of benzene sitting at 3.24 A˚ above Al(111) surface, the HOMO resonance is weakly
coupled. The difference between the two sides of Eq. (4) is only 0.04 eV. However, Eq. (4)
applies less well to LUMO of this system, because |〈φtot|φmol〉|2 is only 0.54 as we discussed
in Sec. 3.1. For the system of benzene sitting at 4.24 A˚ above Al(111) surface, both HOMO
and LUMO are weakly coupled, as we discussed in Sec. 3.1, and the difference between the
two sides of Eq. (4) is about 0.08 eV and 0.18 eV for HOMO and LUMO, respectively.
4 Discussion
The calculation of non-interacting RPA polarizability χ0 has a formal scaling of O(N4) in
a standard plane-wave approach, and within BerkeleyGW, prior to the calculation of χ0,
a large number of bands need to be generated for the system under study to express the
Green’s function in its spectral representation. The generation of bands has a formal scaling
of O(N3), and the number of bands scales with the volume of the supercell. Our approach
here partitions a calculation in a large cell involving many bands into two calculations in
much smaller cells involving far fewer bands: one is the primitive unit cell of the metal,
which is N1×N2 times smaller than the original system, and the other is the small-z cell of
the periodic molecular layer, which is a fraction of the size of the original cell. We note that
our approach can also be combined with GW formalisms based on localized basis (such as
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Ref. 50, but note that one still needs periodic boundary conditions for the molecular layer),
or occupied orbitals only,51,52 and it would be of interest to apply this approach within those
frameworks.
We expect that our approach can greatly reduce the computational cost for systems re-
quiring a large energy cutoff, having large number of valence electrons, or having a large
supercell. Examples include systems with d-orbitals, where it is known that semi-core elec-
trons need to be treated explicitly53–55 and therefore the energy cutoff is high and the number
of electrons is large. We showed that, with the additivity of the non-interacting RPA polar-
izability as simple as Eq. (3), we achieve very accurate level alignment compared to a direct
GW calculation. The error that we obtain is only on the order of 0.1 eV, which is useful in
making quantitative predictions for experimental observables.
Besides the efficiency and the accuracy, our approach captures substrate screening, or
“image-charge effects”, without the need of defining an image plane, and treats the periodic
nature of the molecular layer explicitly. This is a step forward from the perturbative, static
DFT+Σ approach13,29 in three aspects. First, we eliminate the need for the definition of an
image plane, which sometimes could be non-trivial, especially for semiconductor surfaces.56
Although we present our work in the context of molecule-metal interfaces here, we expect
that it can be extended to semiconductor interfaces in a straightforward manner. Second,
the DFT+Σ approach does not treat the periodic molecular monolayers rigorously, as the
classical image-charge interaction is only between the substrate and the adsorbate, so it
does not capture the long-range Coulomb interaction within the periodic molecular layer14
and therefore does not capture intra-layer orbital renormalization.57 Our approach presented
here treats the molecular layer with periodic boundary conditions rigorously within the ab
initio GW approach and could therefore capture these effects naturally. This is particularly
useful for studying high-coverage surfaces,58 or the covalent organic frameworks59 on metal
surfaces, where in both cases the periodic nature of the adsorbate layer is critical and cannot
be overlooked. Third, the DFT+Σ approach is static, in the sense that it neglects dynamical
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(frequency-dependent) effects in the non-interacting RPA polarizability or dielectric function.
On the other hand, our approach captures these effects naturally, either with a plasmon-pole
model,17 as we use in this work, or in principle also by explicitly computing the frequency-
dependent dielectric function.
The method proposed here will be less effective if the coupling between the molecular layer
and the substrate is too strong, such as the cases of covalently bound interfaces60 where a
chemical bond is broken when the molecule is adsorbed on the substrate. This is because the
additivity of the non-interacting RPA polarizability, Eq. (3), will break down in those cases.
It would nonetheless be interesting to perform a series of tests for the intermediate cases,
such as those with pinned molecular levels at EF ,
61 or those involving strong substrate-
enhanced dispersion.62 It would be more interesting to generalize Eq. (3), adding extra
necessary corrections, for strongly hybridized or covalently bound interfaces. Moreover, the
computational cost will be further reduced if the self-energy can be evaluated effectively
within the supercell of the molecular layer only, instead of within the supercell containing
the combined interface system as we do in the present work. This will require effective
embedding of the molecule within the dielectric environment of the substrate. Studies along
these lines are currently underway.
5 Conclusions
In this work, we develop an efficient GW -based approach for calculating the level alignments
at molecule-metal interfaces, greatly reducing the computational cost of such calculations
without significantly sacrificing the accuracy. It is based on the approximation that the non-
interacting RPA polarizability of the combined interface system can be expressed as the sum
of the non-interacting RPA polarizabilities from the two individual subsystems, namely, the
metal slab substrate and the molecular layer. The non-interacting RPA polarizability of the
substrate is first calculated in the primitive unit cell for the metal slab geometry, followed by
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a folding scheme in reciprocal space to map the polarizability back to the original supercell
of the interface. At the same time, the non-interacting RPA polarizability of the periodic
molecular layer is computed in a unit cell that is much smaller along the confined z direction,
which is then mapped back in real-space to the original supercell.
Our approach is very accurate for weakly coupled interfaces, reducing the computational
cost to only a small fraction of that of a direct GW calculation for typical interface systems.
Our approach correctly captures the physics of substrate screening without the need of a full
GW calculation or of defining an image plane and, in addition, it also captures dynamical
effects of the screening environment. Although our scheme was developed and presented in
the context of molecule-metal interfaces, it can be extended to other types of interfaces in
a straightforward manner. We expect that this approach will be useful in lowering the cost
for routine GW interface calculations, as well as in making these calculations feasible on
computer clusters much smaller than those in supercomputing centers.
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